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Abstract The mean-field theory due to Wang and Li (Phys Rev B 63:196, 2000)
to calculate the effective mean potential experienced by vibrating ions in a crystal is
used to compute the ion-motional free energy. An improvement is sought by treat-
ing the parameter λ, entering an expression of the mean-field potential (MFP), as a
free parameter for the case of aluminum. Although a corresponding expression for the
Grüneisen parameter (γ ) is significantly different then the known cases, namely, those
due to (i) Slater, (ii) Dugdale and MacDonald, (iii) free volume theory, and (iv) Barton
and Stacey, its value is very close to the experimental result. Significant improvement
is observed for high-temperature thermodynamics of aluminum with the new choice
of λ, or equivalently γ . Also, the present improved scheme is extended to measure the
vibrational response of the crystal. Recently, Bhatt et al. (Philos Mag 90:1599, 2010)
have demonstrated that the mean frequency (ω′) calculated by the MFP approach in
conjunction with the density-dependent local pseudopotential suffices to character-
ize the crystal at finite temperatures. Relating ω′ to the Debye frequency, vibrational
properties like the Debye temperature, the mean-square displacement, and entropy are
obtained as a function of temperature. Further, a generalized melting law is derived
by combining the MFP approach to Lindemann’s law, where the effect of different
choices of the parameter λ is now explicitly included into the description. Results so
obtained for different physical properties are analyzed and discussed in the light of
recent first principles and experimental findings.
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1 Introduction

Vibration of atoms in a crystal is a key ingredient to understand almost all lattice
dynamical properties including thermodynamics. A quantized vibrational frequency
ω�q,S having a wave vector �q and three modes of polarization S(= L , T1, T2) is dis-
tributed statistically among different modes of vibrations. In principle, it is required
to know the phonon density of states g(ω) (p-dos) and phonon dispersion curves
(pdc) to deduce vibrational properties at a given physical condition. This is com-
putationally quite demanding, as a complete description of g(ω) would be obtained
only if one knows all the frequency moments ω(n) (see Ref. [1]), which is defined as
3 [ω (n)]n = ∫ ωmax

0 ωng(ω)dω, with n > −3. And hence computationally, it is always
difficult to estimate the high-temperature ion-motional contribution to the total free
energy. There remains a question as how to incorporate the effect of temperature into
the description in general and the vibrational contribution to the total free energy at
finite temperatures in particular.

To circumvent the computational complexity, the concept of the mean-field theory
(MFT) is frequently used. The MFT is used to calculate an average or mean poten-
tial experienced by a wanderer atom in the presence of surrounding particles. In the
past, different philosophies were used to compute the mean-field potential (MFP): free
volume theory [2–6], Debye–Grüneisen theory [7], classical cell-model [8], and 0 K
isotherm-based MFP [9,11–21]. Wang and his coworkers [9,10,18–20], and others
[11–17,21] have proposed a method of modeling the vibrational free energy in terms
of the 0 K total energy from the concept of the MFP approach. The concept of the
MFP due to Wang and co-workers does not require detailed electronic band structure
calculations over the complete density range of interest. It was shown that the high-T ,
P properties can be mapped through the relevant parameters of ambient conditions
only. In Ref. [12], an alternative approach has been proposed to obtain an analytical
MFP within the free volume theory and the nearest-neighbor pair-wise interaction
assumption using a Lennard-Jones (LJ) potential. Its validity has been tested and con-
firmed based on the Vinet equation of state for rare-gas, alkali-halide, and metallic
solids. Also, the concept of the MFP was modified to more general cases [13], where
the effect of the structural parameters, varying with volume, on the total free energy
was taken into account. This was applied to obtain the thermodynamics of low symme-
try or complex structure crystals, taking beryllium as a prototype. Bhattacharya and
Menon [14] have calculated the ionic free energy using the scaled binding energy.
They suggested an improvement over the MFP calculated by Wang and Li [9] and
Bhatt et al. [21], if the parameter λ is treated as a free parameter. (A detailed discus-
sion regarding the parameter λ and its effect on different properties is given in the next
section.) Their proposal summarizes good results for several thermodynamic proper-
ties of close-packed metals including the shock Hugoniot and high-pressure melting
curve, and to somewhat lesser extent, structural phase diagrams of Fe, Zr, and Ti. They
have compared and analyzed their MFP-based predictions with the Debye–Grüneisen
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theory within the same scaled binding energy formalism and with experiments. In
another recent study [17], we have examined the physical significance of the MFP
approach in conjunction with the local pseudopotential for fcc-Sr. We demonstrated
that the results for high-temperature frequency shifts calculated through a pdc and
p-dos within the quasiharmonic approximation (QHA) are very similar to the one esti-
mated through the MFP approach, and with a better account of intrinsic anharmonism
by the MFP scheme. This observation also implies that the mean frequency calculated
by the MFP approach is sufficient to characterize the crystal in the high-T and high-P
regime.

While the MFP approach is robust, it is employed to reexamine the thermodynamics
of aluminum and to obtain some vibrational properties. The objectives of the present
work are twofold: (i) treating λ as an adjustable parameter, find the value of λ (which
determines the Grüneisen parameter, as described in the next section) that gives the best
description of aluminum at high temperatures and (ii) extending the MFP approach
to estimate the Debye temperature on general physical grounds. Since a characteristic
temperature (θ ) is related to the melting temperature in the Debye model, hence, now
it shall be possible to derive the melting law on this general grounds. We apply this
scheme to trivalent fcc-Al as a case study, and the estimated characteristic temperature
is used to estimate the mean-square atomic displacement and high-pressure melting
curve within the generalized Lindemann’s criterion.

In the following parts of this paper, over and above the formal aspect of com-
putations, we have presented results for some anharmonic properties, temperature
variations of Debye temperature, entropy, mean-square displacement (MSD), and
high-pressure melting curve. These results are also compared and discussed with the
other reported results. In the last section, we give a short summary and conclusion.

2 Theory and Formulation

2.1 Choice of Parameter λ in MFP

As noted earlier, different authors have used different means to construct the MFP
[2–21], but we follow the one due to Wang and co-workers in conjunction with the
local pseudopotential due to Fiolhais et al. [22,23]. Assuming the vibration of the
lattice ion is symmetrical with respect to its equilibrium position, Wang and Li [9]
have proposed an analytical form for the MFP, as given by

g(r,Ω; λ) = 1

2
[EC (a0 + r) + EC (a0 − r) − 2EC (a0)]

+
(

λ

2

)(
r

a0

)

[EC (a0 + r) − EC (a0 − r)], (1)

where r is the distance that the lattice ion deviates from an equilibrium position and
a0 is the lattice constant with respect to volume Ω . Wang and Li have shown that the
physical significance of the MFP is appreciated from the second-order Taylor expan-
sion of Eq. 1 in r , which gives different equations for the Grüneisen λ corresponding
to different choices of λ;
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γ (Ω) = 1

3
(λ − 1) − Ω

2

⎡

⎣
∂2

(
PCΩ2/3(λ+1)

)

∂Ω2

∂(PCΩ2/3(λ+1))
∂Ω

⎤

⎦. (2)

Here, PC represents the cold pressure. Equation 2 gives expressions for the Grünei-
sen parameter due to Slater [24], due to Dugdale and MacDonald [25], and the one
due to the free volume theory of Vaschenko and Zubarev [5,6] corresponding to
λ = −1, 0,+1, respectively. Formally, Eq. 2 is equivalent to

γ (Ω) = −1

6
− 1

2

d ln
(
BT − 2t

3 PC
)

d ln Ω
, (3)

with λ → t − 1. In general, however, λ or t is not constant [26–28]. For exam-
ple, Barton and Stacey [26], through their MD study for cubic crystals, suggested
t = +2.35 or λ = +1.35 while improving the defect of the free-volume formula for
the Grüneisen γ . Whereas, Burakovsky and Preston [27] have shown that at ultrahigh
pressure t → 5

2 . These studies clearly reveal that the parameter t or λ, which in turn
determines the Grüneisen parameter, should be treated as a free parameter as long as
its choice gives a better thermal description for a given material. Illustrating this fact,
Bhattacharya and Menon [14] have examined this point within the MFP formalism,
and have proposed that for the case of fcc-Al, either λ = −2 or t = −1 value gives
correct thermophysical properties at high temperatures. While for other metals, they
retain the value of λ as either −1 or +1. We also in the present study examined dif-
ferent choices of λ and found that λ = −2 is the suitable choice for trivalent Al, in
agreement with Bhattacharya and Menon.

For non-magnetic simple metals, the total or Helmholtz free energy can be expressed
by the following equation:

F(Ω, T ; λ) = EC(Ω) + Fion(Ω, T ; λ) + Feg(Ω, T ). (4)

Here, EC represents the static total energy at 0 K which is calculated within the frame-
work of pseudopotential theory [22,23] corrected to second order in energy, while Feg
is the free energy due to electronic excitation. (See Refs. [15,16,21] for computational
details.) The vibrational free energy due to lattice ions within the MFP formalism is
given as follows:

Fion(Ω, T ; λ) = −kBT

[(
3

2

)

ln

(
mkBT

2π h̄2

)

+ ln {vf(Ω, T ; λ)}
]

, (5)

with

vf(Ω, T ; λ) = 4π

∫
exp

[−g(r,Ω; λ)

kBT

]

r2dr. (6)

By calculating the Helmholtz free energy F(Ω, T ; λ) using Eq. 4, as an explicit func-
tion of the atomic volume (≡ pressure) and temperature, it is now straightforward to
obtain different anharmonic physical properties following text-book equations.
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2.2 Extension of MFP

It is customary to define the equivalent characteristic temperature θ = h̄ω�q,S
kB

for the
phonon frequency. In this regard, the characteristic temperature θ is the measure of
the vibrational response of a crystal. However, many temperature- and/or pressure-
dependent properties do not depend on the precise value of �q or S. This allows one
to simplify the description of p-dos, e.g., Debye and Einstein models [1]. Both are
single-parameter models, which can be fitted to give the correct average of ωn . The
generalized Debye model, like the conventional Debye model, assumes ω2 behavior
for g(ω) but with different Debye cut-off frequencies, ωD(n), chosen such that the
model correctly reproduces the average of ωn for the true g(ω). While in the Einstein
model, correlations between atomic vibrations are ignored and g(ω) is defined through
a single frequency, the so-called Einstein frequency, ωE, such that g(ω) ∼ δ (ω−ωE).
In the classical regime, i.e., at temperatures above the characteristic temperature, it can
be expected that the Einstein model should give a correct description of the dynamical
response due to weakening of the correlations among vibrating atoms. Much in the
spirit of the Einstein model, the essence of the MFP approach is also to assume that
each atom in the crystal vibrates with some mean or average (single) frequency ω′.
Indeed, at elevated temperatures (T > θD; the Debye temperature), one may expect
weakening of atomic correlations and the use of the mean-field approach is justified.
In a recent paper [17], we have examined this point and calculated several thermody-
namic properties for strontium in a high-T and high-P environment including finite
temperature frequency shifts, and this validates the use of the MFP and pseudopoten-
tial coupling scheme. The characteristic temperature obtained by the MFP approach
is used to define a Debye temperature along the line suggested by Wang [19];

θD = √
3

h̄

kB

[
k(Ω, T )

2m

] 1
2

, (7)

where k(Ω, T ) is regarded as a generalized force constant [18,21], and is given by

k(Ω, T ; λ) = 1

R2λ

∂

∂ R

(

R2λ · ∂ F(Ω, T )

∂ R

)

. (8)

Here, R is the corresponding atomic radius and λ is now −2. With Eq. 7 in Eq. 8, the
Debye temperature is

θD(λ) = √
3

h̄

kB

[
1

2m

(
∂2 F(Ω, T )

∂ R2 + 2λ

R
· ∂ F(Ω, T )

∂ R

)] 1
2

. (9)

For special cases of either λ = 0 or under a zero-pressure condition, Eq. 9 reduces
to the one that was given in Ref. [19]. Here, the first term corresponds to the
radial part of the force constant while the second term is a tangential component
of the force constant. Equation 9 can be viewed as a general case of θD which is usu-
ally given in terms of the pair potential, see the Appendix. In the above equation,

123



2164 Int J Thermophys (2010) 31:2159–2175

pre-factor
√

3 is arbitrary. In Ref. [17], we found that a characteristic frequency
corresponding to the generalized force constant (Eq. 8), is lower by a constant fac-
tor, roughly

√
3, compared to the Debye frequency which was calculated from the

p-dos within QHA. We found similar results for other metals too, which justifies the
presence of

√
3 in Eqs. 7 or 9. The advantage of Eq. 9 over the conventional defi-

nition of the Debye temperature (Eq. A1) is twofold: (i) Equation 9 incorporates the
effects of temperature and pressure through the total free energy (F) in an unambig-
uous manner. It is claimed [17,20] that the MFP approach gives a better account of
anharmonism in lattice vibrations in the high-T and high-P regime compared to the
conventional p-dos based methods either within the harmonic approximation (HA)
or the QHA. (ii) Equation 9 provides the quantitative assessment of the philosophies
involved in determining the Grüneisen parameter through parameter λ. In a previous
study [21], we have also noted that the volumetric thermal expansion is highly sen-
sitive to the choice of λ and, therefore, θD(λ) will be, since a major contribution to
θD(λ) comes from the coefficient of thermal expansion [29,30].

The MSD in the high-T condition, in the Debye treatment, is expressed as
〈
u2

〉 ≈
9h̄2T

mkBθ2 , where θ is now given by Eq. 9. According to Lindemann [31], melting initiates

when
〈
u2

〉 = CL R2, where CL is known as Lindemann’s constant. Combining these
equations, the high-pressure melting curve within the MFP approach is now made to
depend on the choice of λ, apart from the model used to evaluate EC in Eqs. 1 and 4.
Thus, we have modified the previous melting relation [18] to include the pressure term
or tangential component as well, whose magnitude is governed by the value of λ;

Tm = C ′ R2
(

∂2 F(Ω, Tm)

∂ R2 + 2λ

R
· ∂ F(Ω, Tm)

∂ R

)

. (10)

At this juncture, we also recall the elegant work of Wang et al. [18], and the melting
relation given by them is just the special case λ = 0 of above equation. Following
their procedure, the new constant C ′ can be determined from a fit to the zero-pressure
experimental melting temperature and from a knowledge of the total free energy F
(Ω, Tm) at melting. Once C ′ is fixed, the melting temperature at a given pressure can
be computed consistently through Eq. 10 for different choices of λ. In the present case,
λ = −2.

3 Results and Discussion

Recently, Bhattacharya and Menon [14] have demonstrated that λ in Eq. 1 may be
treated as an adjustable parameter, and for the case of aluminum, its value is −2.
Following Bhattacharya and Menon, we too have considered the case for λ = −2, and
following the zero-pressure condition at different temperatures, the volumetric ther-
mal expansion is calculated and plotted in Fig. 1. The computed value of the thermal
expansion coefficient at ambient conditions is 6.997×10−5 K−1, which is in excellent
agreement with the experimental value of 6.76×10−5 K−1, and remains within 8 % up
to the melting temperature. Our previously published results [21] are also compared
along with experimental [32] and theoretical estimates due to Wang and Li [9]. These
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Fig. 1 Relative volume thermal
expansion, λ = −2 case
(continuous line) and λ = −1
case (long-dashed line), are
compared with experimental
[32] findings (circles) and
theoretical estimates due to
Wang and Li [9]
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authors have calculated EC in Eq. 4 using the full-potential linearized augmented plane
wave (FP-LAPW) method within the generalized gradient approximation (GGA) for
an exchange and correlation functional. Their results are also in very good agreement
with experiments, even if they considered λ = −1. Our present estimate (λ = −2)
is showing quantitative improvement compared to the previous results, and therefore
confirm the assertion made by Bhattacharya and Menon. These results reveal that the
choice of λ is subjective to the material and also to the model applied to calculate EC,
which in turn is required to estimate Fion.

To validate the present choice of λ, we have compared the anharmonic contribution
to the ionic specific heat at constant volume (C ion-an

V = C ion
V −3kB) with other reported

data [9,14,21,33] in Fig. 2. Again the λ = −2 case is in better agreement compared
to the λ = −1 case [21], though the maximum deviation is still 30 % compared to the
experimental value [33] at T = 900 K. Nevertheless, it improves by 13 % compared
to the results due to Wang and Li. Results due to Bhattacharya and Menon are also
very similar to ours. Figures 1 and 2 clearly reveal the sensitivity of parameter λ and,
therefore, the Grüneisen γ on these anharmonic properties.

Burakovsky and Preston [27] have proposed an analytical expression to determine
the density or volume dependence of the Grüneisen γ . Using the experimental [32]
volume or density at different temperatures, we have calculated the Grüneisen param-
eter as a function of temperature using their analytical expression for the Grüneisen
parameter. These results are compared with our estimates for λ = −2 and λ = −1
cases along with the experimental results due to Leadbetter [34] and the theoreti-
cal results of MacDonald and MacDonald [35] in Fig. 3. The present estimate for
γ = 2.105 is within the range of other data. The major discrepancy observed in the
present (λ = −2) results, and that due to Burakovsky and Preston, is the opposite
trend. Their results increase with temperature while ours decrease; however, both

123



2166 Int J Thermophys (2010) 31:2159–2175

Fig. 2 Anharmonic contribution
to ionic specific heat at constant
volume is plotted as a function
of temperature. Present
estimates (continuous lines) are
compared with experimental
[33] data (circles) and
theoretical calculations due to
Wang and Li [9] (long-dashed
line) and Bhattacharya and
Menon [14] (short-dashed line)

Fig. 3 Present results for
Grüneisen parameter
(continuous lines). Experimental
results due to Leadbetter [34] are
shown as circles, while
theoretical findings of
MacDonald and MacDonald
[35] and those due to
Burakovsky and Preston [27] are
displayed as open triangles and
short-dashed line, respectively.
Dotted line connecting
experimental findings gives view
to eye
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show a weak temperature dependence. To resolve this conflict, we believe that the
study of thermoelastic properties or, explicitly, the temperature variation of Poisson’s
ratio involving an intrinsic anharmonism is inevitable. Nevertheless, considering the
good overall agreement for several thermodynamic properties in the high-T regime,
we retain the λ = −2 case.
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Following Eq. 9, at T = 0 K with a zero-pressure condition, the Debye temper-

ature is given by θ0 = √
3 h̄

kB

[
1

2m · ∂2 EC(Ω)

∂ R2

] 1
2
. The presently calculated value of

θ0 = 383.6 K is in reasonable agreement with the experimental value (θ0 = 428 K).
Its temperature variation is calculated using Eq. 9 for λ = −2, and the results are
depicted in Fig. 4. For convenience, the caloric data based findings for θ → T

Tm
due

to Rosén and Grimvall [29] are converted to θ → T using the experimental melt-
ing temperature (Tm = 933.5 K), and compared in Fig. 4. At very low temperatures
(T 	 θ ), the MFP approach may not be suitable due to correlation effects among
atoms. Like most high-temperature theories to estimate the ion-motional contribution,
in the MFP formalism the classical partition function for energy calculations is also
employed, which is no longer valid at temperatures below the characteristic temper-
ature. Accepting this inherent limitation of the MFP approach and considering the
spirit of the paper to study vibrational properties at finite temperatures, the discrep-
ancy in θ at low temperatures may be ignored. But at and above room temperature,
our results closely match (within 4 %) the findings due to Rosén and Grimvall. These
authors have calculated entropy from the experimental heat capacities (CP ) data [36],
and from the resulting entropy, they have estimated the entropy-Debye temperature
(EDT) at different temperatures. They have also calculated θD from the extrapolated fit
to low-temperature Debye-temperature results and using low-temperature p-dos data
within the HA. While the latter remains constant and shows no dependence on tem-
perature at finite temperatures, the EDT decreases with temperature due to softening
of the phonon frequencies. These results clearly demonstrate the inadequacy of HA in
the high-T regime, where anharmonic contributions play an imperative role in deter-
mining lattice dynamics and related properties. The slope in the EDT → T graph is
found to be −0.0609 for the intermediate temperature range, but increases to −0.1072
close to melting. We believe that the sharp decrease in θ is due to the rapid increase
in CP [36] at or near melting, again manifesting the importance of anharmonism.
The present results give a slope of θ → T − 0.0632, indicating a proper account of
anharmonicity. Justification for this observation comes from the better thermal expan-
sion accounted for the case λ = −2. For metals, at the lowest order, i.e., keeping only
terms cubic in the crystal Hamiltonian, the major contribution to anharmonism comes
from the thermal expansion, and a better account of the thermal coefficient by the case
λ = −2 leads to good results for the entropy and θ . It is to be emphasized that we
have not fitted or used any of the experimental quantities in the present study while
calculating EC and thereby Fion, except assuming the zero-pressure condition. Once
the potential parameters were obtained at 0 K with a minimization criterion, the rest
of the calculations were carried out consistently.

It is also of obvious interest to compare the presently calculated entropy, S(Ω, T ) =
− ∂ F(Ω,T )

∂T , with the other first principles and experimental results. Shown in Fig. 5 is the
S → T graph along with the other estimates. Again closer agreement is observed with
the experimental findings [37]. The results for entropy due to Jeong et al. [38] are sim-
ilar to ours but overestimate compared to the experimental results for the entire range
of temperatures. These authors have performed an MD simulation method employing
the embedded-atom method (EAM) to calculate the internal energy. Slightly under-
estimated results in the present study can be explained as follows. It is found that the
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Fig. 4 Present estimate
(λ = −2) for Debye temperature
as a function of temperature
(continuous line) is compared
with the results due to Rosén and
Grimvall [29]: entropy-Debye
temperature (dotted line), the
fitted ‘harmonic’ entropy-Debye
temperature, i.e., based on
low-temperature based phonon
density of states (short-dashed
line), and extrapolated fit to
low-temperature Debye data
(long-dashed line)
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Fig. 5 Temperature variation of
entropy for the case λ = −2
(continuous line) is shown. MD
results (short-dashed line) are
from Ref. [38], while
experimental points (filled
circles) are due to Hultgren
et al. [37]
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volume expansion is better accounted for in the case of λ = −2, but still it is lower
than the experimental volumes. The smaller value of the crystal volume stiffens the
phonon modes leading to a smaller entropy. Nevertheless, it is interesting to note
that the present results for the entropy when fitted to a logarithmic function of the
type S = A ln(T ) – B show good correlation (>0.9998) with the calculated results.
With A (= 3.3416 NkB K−1) and B (= 15.9710 NkB) are the constants. A similar
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log behavior for the entropy was also proposed by Straub et al. [39] through the MD
technique.

Another important anharmonic physical quantity is the MSD of vibrating atoms,〈
u2

〉
. A knowledge of it is required to obtain the Debye–Waller factor (DWF), which is

helpful in determining the intensity profile of X-rays and neutron scattering from the
crystal. It has been emphasized [40] that a correct evaluation of

〈
u2

〉
, both in the bulk

and surface of crystals, requires investigations of lineshifts and linewidths of phonon
modes. While the HA in lattice dynamics is inadequate to observe the temperature
dependence of the phonon frequencies, evaluations of anharmonic contributions in
the high temperature limit pause challenge. Though a different successful scheme has
been proposed in the past [41–44], they are all mathematically demanding and fre-
quent use of them is restricted. Since MSD is related to the Debye temperature, the
presently calculated temperature variation of the Debye temperature is used to obtain〈
u2

〉
as a function of temperature. The results so obtained are presented in Fig. 6 along

with the other theoretical [45,46] and experimental [47–49] findings. The author in
Ref. [45] has calculated the atomic MSD of Al and noble metals within HA and QHA,
and also by considering anharmonic contributions from the estimated lineshifts and
linewidths of the phonon modes. The author has used a force constant model potential
to calculate interatomic forces within HA and QHA, whereas anharmonic contribu-
tions were considered through the phonon spectral function by including the shifts in
phonon frequencies. In the lowest order of anharmonic contributions, shifts in phonon
frequencies are due to the thermal expansion, and the third and fourth powers of the
atomic displacements from the equilibrium position. It was demonstrated [45] that
the inclusion of these latter quantities improves the results quantitatively and justi-
fies the importance of anharmonic effects beyond the volume expansion effects in the
high-T regime. More recently, Kagaya et al. [46] have separated the contributions of
longitudinal (L) and transverse (T) acoustic modes of vibrations to MSD, and noted
that the L-branch is less sensitive to temperature than the T-branch. Better accord of
our results with these findings reveals that the present scheme incorporates effects of
both the modes accurately. Our results are also in close confirmation to these as well
as experimental data [47–49]. At T = 850 K, our result underestimates the experi-
mental datum [49] by just 1.8 %. Nevertheless, our results are better compared to that
evaluated by Zoli [45] employing the QHA and HA, and this confirms the assertion
that the MFP approach goes beyond QHA [17,20] and includes the intrinsic anhar-
monic effects properly. The present results also suggest that the atomic vibrations are

non-linear; and close to melting, the magnitude of
√〈

u2
〉

increases rather rapidly.
Finally, Fig. 7 displays the high-pressure melting relation calculated through the

generalized force constant method within Lindemann’s criterion and MFP formalism
for fcc-Al along with the first principles results [38,50,51] and experimental values
[52–54]. Previously, we [21] obtained the melting curve for fcc-Al without consider-
ing a pressure term in Eq. 10 and with λ = −1, and it will not be replicated here. The
melting curve obtained using Eq. 10 is in good agreement with the other first princi-
ples data when λ is taken as −2. Alfě et al. [50] have determined the melting curve
of fcc-Al up to a pressure of 150 GPa using a first principles thermodynamic inte-
gration method with the VASP (Vienna ab-initio simulation package) code combined
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Fig. 6 Mean-square
displacement versus temperature
is plotted for the case λ = −2
(continuous line). Theoretical
results: due to Zoli [45] using
HA (solid triangles), using QHA
(solid circles), and by including
anharmonic effects (solid
diamonds), and due to Kagaya
et al. [46] (short-dashed line).
Experimental results (open
circles, open triangles, open
squares) are due to Refs.
[47–49], respectively
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to ultrasoft Vanderbilt pseudopotentials to compute the free energy of the solid state,
while the liquid state free energy was obtained with the same technique but employing
the LJ potential. These authors have also calculated the entropy, volume, and melting
gradient upon melting as a function of pressure. Chisolm et al. [51] have proposed
a means for constructing an accurate EOS for elemental solids and liquids from first
principles. Their method was based on a decomposition of the Hamiltonian. The result-
ing free energy contained terms describing the harmonic motion of the nuclei about
their lattice sites, thermal excitations of the electrons, anharmonic corrections to the
nuclear motion, and interactions between the electron excitations and nuclear motion.
While in Ref. [38], the classical MD technique was employed using EAM to study
melting of aluminum under shock conditions. Even with good accordance to other
experimental and theoretical data (with a maximum deviation of 10.7 % at P = 200
GPa) when λ = −2, it is to be noted that when the second term is ignored in Eq. 10,
the predicted melting curve remains too low (22 % at 200 GPa) compared to the first
principles findings. This observation certainly emphasizes the importance of the tan-
gential or second term in the melting law. In this regard, it would be interesting to
discuss a very same approach due to Wang et al. [18]. In their original work, Wang
et al. [18] have derived a similar melting law but without considering the pressure term.
Even though they obtained good results for the high-pressure melting curve for some
close-packed metals in conflict with our prediction (i.e., requiring a pressure term in
the melting relation), this may be explained as follows. They considered the λ = −1
case, probably, for a better thermal expansion for the metals studied. Our calculation
suggest that with |λ| = 1, the contribution of the second term always remains an order
of magnitude less as compared to the radial term at the highest pressure studied. The
presence of the second term is best appreciated when λ is greater than unity. It is also
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Fig. 7 High-pressure melting
curve is presented for case
λ = −2 with (upper continuous
line) and without (lower
continuous line) considering a
pressure term in Eq. 10.
Experimental data: DAC data
(solid triangle, solid square) are
from Refs. [52,53], while
shock-melting data (open
square) are due to Shaner et al.
[54]. Theoretical results are due
to Alfě et al. [50] (short-dashed
line) and that due to Chisolm
et al. [51] (long-short dashed
line). Also shown is the
presently estimated results for
temperatures along the principal
Hugoniot. Hugoniot
temperatures for few data points
are also displayed

330
530

1540

4650

0

1000

2000

3000

4000

5000

6000

7000

0 50 100 150 200

Pressure, GPa

Shock Hugoniot

T
m

, K

found [10,14,18,55] that the equation of state is less sensitive to the choice of λ, and
good results for the PV relation were obtained even for the λ = 0 case [10], but that
does not guarantee a correct evaluation of other anharmonic properties. For example,
for the case of copper, the melting curve predicted by Wang et al. [18] and GPT-based
results due to Moriarty [55] differ above 200 GPa. So, in our opinion, a more stringent
test for the choice for λ should be either the thermal expansion effect or specific heats
at higher temperatures.

The recent study also reveals that the +ve and −ve signs of the parameter λ basically
gives upper and lower bounds for different physical properties, including the melting
curve, for a given material and for a given model adopted to determine the 0 K isotherm.
As a further check on the applicability of the present scheme in a high-T and high-P
environment, we have plotted the Hugoniot temperature (TH) in Fig. 7. The intersec-
tion of the TH curve with the melting curve (with the pressure term included) is used
to estimate the beginning of the melting curve along the principal Hugoniot. We found
an intersection at 124 GPa and 4950 K in agreement with MD results [38]. Results in
[38,50,51] are all in agreement with each other and are in excellent agreement with
the available experimental data. In common, these theoretical studies have considered
solid and liquid phases while evaluating the high-pressure melting curve, emphasizing
a two-phase melting scheme. But such a two-phase approach is numerically cumber-
some even for small atomic systems, and we used the generalized Lindemann’s law.
Looking to the mathematical simplicity and a fact that we have not included/fitted
structural information from the liquid state, our results for the high-pressure melting
curve are in agreement with the reported data, and are able to mimic the character-
istic fcc melting curve, i.e., an increase in Tm with pressure. Since Al melts from
the fcc phase, a high packing fraction and the relative closeness of the Fermi surface
(FS) to the boundaries of the Brillouin zone (BZ) in the fcc phase results into strong

123



2172 Int J Thermophys (2010) 31:2159–2175

interactions of FS with BZ. On compressing the material, this interaction is influenced,
and one requires a higher thermal energy to melt the crystal. Good results for Tm are
consistent with the prediction due to Lawson [56] that the Lindemann rule is well
obeyed for the elements with close-packed structures.

4 Summary and Conclusions

In particular, the mean potential seen by a vibrating lattice ion is modified by treating
the parameter λ as a free parameter. Its value is now adjusted to give the best possi-
ble description for thermal properties of aluminum at high temperatures. We found
that λ = −2 is the correct choice for fcc-Al, in agreement with the recent study by
Bhattacharya and Menon [14]. Good accordance of the thermal expansion coefficient
and anharmonic contribution to the ionic specific heat at constant volume is thus obvi-
ous. The value of the Grüneisen parameter always depends heavily on the method of
obtaining it, and as a result, a set of values is available in the literature. We found
its ambient value to be 2.105, within the range of other reported values. Also, in the
Mie–Grüneisen theory it is independent of temperature, and its temperature variation
remains a subject of question. We found that it decreases by 14 % at melting when
λ = −2. In conflict is the opposite slope in the γ → T graph for the present results
and those due to Burakovsky and Preston [27]; this requires further consideration.
Alternatively, one may write the polynomial form for λ (and thereby for γ ), which
depends on density as suggested by Burakovsky et al. [28] for a proper account of
anharmonism as a function of density. We instead stick to the constant value of λ = −2,
and the variation of the Grüneisen parameter with density is obtained within the MFP
formalism in a consistent manner. We also derived a formula for the Debye temper-
ature on a general physical basis, which makes it possible to include and explore the
effect of different choices of λ and thereby different philosophies to determine the
Grüneisen parameter (γ ) on different physical properties. The results for vibrational
properties like the Debye temperature, MSD, and entropy, and also the melting curve
are now depending on the choice of λ. Small discrepancies observed in these results at
extreme conditions, i.e., T > 0.8Tm, and P > 125 GPa, which in our opinion, are due
to neglect of vacancy contributions [57]. Vacancies give contributions to the entropy
which will give an apparent shift in the Debye temperature due to the excess entropy
associated with the softening of the vibration frequencies for atoms close to the vacant
site. Good results for the Debye temperature and MSDs show better evaluation of
anharmonic effects at high-T , and provide the confirmation that the MFP approach is
better compared to the QHA.

A similar conclusion may be drawn from our recent study on fcc-Sr. We [17] have
estimated frequency shifts for Sr at high temperatures through the MFP approach, and
results are in good accord with those due to QHA, and show a relatively rapid increase
close to melting as compared to QHA results. This observation manifests again, that
near melting, incorporation of intrinsic anharmonism is important, which is suspect
within the QHA. Results for the entropy are also in good agreement with the reported
data. Noticeable is the high-pressure melting curve. In particular, we have modified
the melting formula proposed earlier by Wang et al. [18] from the general definition
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of the Debye temperature, Eq. 9. Now, the melting formula depends explicitly on λ,
combined with a pressure term. Results clearly reveal that for the case λ = −2, the
melting curve improves significantly at high pressures compared to the previously
reported results [21]. Good results for the melting curve for some metals by Wang
et al. [18], without considering the second term in Eq. 10 and with λ = −1, indicate
that the choice of λ also depends on the model chosen to describe EC. For materials
which are properly described by λ = ±1, the contribution of the pressure term is
small up to moderate compression, but this is certainly not the case when a higher
value of λ is required for a proper account of anharmonicity. And one should include
the tangential (second) term in Eqs. 8–10.

In conclusion, we have presented an energy calculation-based numerical approach
(MFP + pseudopotential) to calculate several lattice dynamical properties, and the
high-pressure melting temperature within the Lindemann’s criterion, which is not
only computationally simple, but also consistent with other first principle methods.
The essence of MFP is to map high-temperature properties using a mean single char-
acteristic frequency or equivalently a characteristic temperature, and is justified during
the present calculations. Particularly, it is also found that the present approach is best
suited to estimate a high-P melting curve for a system showing no structural phase
transition up to the highest pressure. Good results for vibrational properties corrobo-
rate that the metal aluminum remains simple even up to moderate temperatures and
pressures.
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Appendix

Following Hirschfelder et al. [58], the Debye temperature can be related to the radial
and tangential force constants as

θD ≡
[

1

m

n∑

i=1

ni (FT + FR)

] 1
2

, (A1)

where ni is the i th coordination number, m is the mass of an atom, and FT and FR are
known as the tangential force and radial force constants, respectively. For a pair-wise
potential, since the total energy can be calculated as U ≡ 1

2

∑n
i=1 V (r), we may write

FT = 1

R

∂V

∂ R
≡ 1

R

∂ F(Ω, T )

∂ R
, (A2)

and

FR = ∂2V

∂ R2 ≡ ∂2 F(Ω, T )

∂ R2 . (A3)
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Using these equations, the Debye temperature can be written in terms of the total
energy,

θD ≡
[

1

2m

(
1

R
· ∂ F(Ω, T )

∂ R
+ ∂2 F(Ω, T )

∂ R2

)] 1
2

. (A4)

The bracketed value is nothing but the generalized Debye temperature, Eq. 9, with a
special case of λ = +1.
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